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The classical Kaluza-Klein unified field theory has previously been extended to
unify and geometrize gravitational and gauge fields, through a study of the
geometry of a bundle space P over space-time. Here, we examine the physical
relevance of the Laplace operator on the complex-valued functions on P. The
spectrum and eigenspaces are shown (via the Peter—-Weyl theorem) to determine
the possible masses of any type of particle field. In the Euclidean case, we prove
that zero-mass particles necessarily come in infinite families. Also, lower bounds
on masses of particles of a given type are obtained in terms of the curvature of P.

INTRODUCTION

Let m: P— M be a C* principal bundle with group G, having Lie
algebra §. Suppose M has a metric tensor 4,,, and let w be a G-valued
connection 1-form (or gauge potential) on P. If k is some @ d-invariant inner
product on 8, then we define a metric tensor # on P by h(X,Y)=
hp(ma X, 7Y )+ k(w(X), w(Y)), where X, YE T, P = tangent space of P at
pE P. For a full introduction to the above concepts, the reader may consult
Bleecker (1981), Kabayashi and Nomizu (1963), Trautman (1980), etc. The
physical significance of the geometry of (P, h) is well established in the case
where (M, h,,) is a space-time and G =U(1). Indeed, (P, h) is then the
five-dimensional space in the classical Kaluza-Klein unified field theory
(Klein, 1926). There are two significant facts. The Einstein field equations
and Maxwell’s equations result by equating to zero the first variation (with
respect to A, and w) of the total scalar curvature of (P, ). Also, the
geodesics of (P, h) project (via 7) onto the space-time paths of charged
particles on M where the charge is essentially the vertical component of the
tangent vector of the geodesic on P. Both of these facts have appropriate
generalizations to the case of an arbitrary compact group G, except that
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Maxwell’s equations are replaced by the more general Yang-Mills equa-
tions, and charge must be understood in a generalized sense (e.g., isospin,
hypercharge, color charge, weak charge, etc., depending on G); see Bleecker
(1981), Cho (1975), Trautman (1980), etc.

In this paper, we concentrate on the relevance of the spectrum of the
Laplace operator A of (P, h) on C*(P,C)=C-valued C* functions on P.
To avoid the difficulties that arise when 4 is not positive definite (e.g.,
nonellipticity of A) and when P is noncompact, we will assume henceforth
that (M, h,,) is a compact connected Riemannian manifold as in Euclidean
field theory, and that G is compact with k on § positive definite. In order
that the spectrum of A be nonnegative, we define [for u€ C®(P,C) and
PE P] (Au)( p) as minus the sum of the second derivatives at p of u along a
frame of geodesics (i.e., with orthonormal tangent vectors) passing through
p. For a given unitary representation r: G — U(W,) there is also a Laplace
operator A, on the space C(P,W,)={f: P> W,| f(pg)=r(g ") f(p) for all
PE P; and fis C*} of particle fields associated to r. In Section 3, we define
A, in terms of covariant differentiation (relative to w) and its dual codif-
ferential. The (Euclidean) mass? spectrum for particles arising from r is
Spec(A,)={mER|A, f=mf for some 0+ f€ C(P,W,)}. In Section 4, we
prove that Spec(A,) for any r can be completely determined from Spec(A)
={A€ER|Au=Au for some 0 * u&€ C*(P,C)} and a knowledge of how the
eigenspaces of A decompose into irreducible subspaces under the isometric
action of G on (P, h).

In Section 4, we prove that if 0 € Spec(A,) for a nontrivial r, then the
holonomy group G, of w is not equal to G. Assuming also that G is
connected and letting G be the closure of G, then we prove that for each
of the infinitely many eigenvalues of the Laplace operator for G /G there
corresponds a different irreducible unitary representation s of G such that
0 & Spec(A,).

In Section 5, we find that if the curvature (i.e., field strength)  of «
satisfies a certain nondegeneracy requirement, then there is a positive lower
bound on the elements of Spec(A,) in terms of {2, 4,,, and r. Interestingly,
the lower bound is both simpler and larger when the Yang-Mills equation is
satisfied.

The relationship between Spec(A,) and the eigenvalues and eigenspaces
of A, which we establish in Section 3, depends on a complete understand-
ing of the Peter-Weyl theorem. It is not enough to know that the matrix
entries of irreducible representations of G form a dense set in L*(G,C). We
need to exhibit a G X G-equivariant unitary equivalence between L*(G,C)
(with G X G acting via pull-back by left and right multiplication) and the
Hilbert space direct sum of the representations of G X G obtained by
applying the “Hom” functor to the irreducible representations of G. There
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are books which do this (e.g., Adams, 1969; Wallach, 1973); however, a
streamlined account of precisely what is needed seems preferable, because
we need to establish much notation, which forms a major part of the
Peter-Weyl theorem anyway. Also, we need to extend the Peter—Weyl
theorem to compact homogeneous spaces, in order to fully understand the
relationship between the holonomy group and representations that admit
particles of zero mass. At any rate, Sections 1 and 2 provide a concise
treatment of harmonic analysis on compact homogeneous spaces for those
who need one, and an index of notation for those who do not.

In Section 6, there are a number of comments, problems, and physical
speculations which are perhaps more interesting than correct or verifiable.
In particular, we offer an explanation for why there seems to be a positive
lower bound on the set of masses of all electrically charged particles. Also,
we suggest how nature prefers to exhibit more particles arising from one
representation of the gauge group than another representation. Implicit in
these explanations is that certain properties of particles, such as their masses
and relative tendencies to exist, can never be explained through local
invariants or purely algebraic manipulations, but depend on the global
geometry of the space-time-charge continuum. The same situation exists in
differential geometry; the eigenvalues and eigenspaces of the Laplace opera-
tor are never determined by the metric on a small piece of the manifold, but
are influenced by every piece. The properties of the smallest constituents of
the universe may depend critically on the universe at large.

1. ALGEBRAIC PRELIMINARIES

We recall some basic facts about unitary representations, while estab-
lishing notation.

Let G be a group and let r: G — U(W,) be a unitary representation,
where W, is a finite-dimensional complex vector space with Hermitian inner
product (,) and U(W,)={4A€ Hom(W, W,)|{Au, Av), = (u,v)Vu,v€E
W,} where Hom(W,, W,) is the space of all linear A: W, — W,. Given another
such representation s: G —U(W,), we say that a linear A: W, - W, is
G-equivariant if Aor(g)=s(g)o A,Vg€G. If there is such an A which is an
isomorphism, we write r ~s5; and if {Au, Av), = (u,v), for allu,veEW,, 4
is called a unitary equivalence. We say r is irreducible if there are no
invariant subspaces V C W, [i.e., r(g)Y(V) CV for all g€ G] other than V=0
and V=W,.

Lemma 1.1 (Schur). If r and s are irreducible and A: W, - W, is
G-equivariant, then either A=0 or a4 is a unitary equivalence for
some a> 0.
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Proof. Let B: W, - W, be the unique linear map such that (Ao, Aw), =
(Bo,w)Vv,wEW,. A simple computation shows that B is G-equivariant,
and hence the eigenspaces of B are invariant. Since r is irreducible, there is
only one eigenspace W,, and B=z/ for some z€C. Actually, zER and
220, because (Av, Av),=z(v,v),. Since 4 is G-equivariant A(W)) is
invariant, whence s irreducible yields 4 =0 or A onto with yz A a unitary
equivalence. |

If r,....r, are unitary representations of G, then we can form the
orthogonal direct sum W, ® - - - ®W, with Hermutian inner product induced
by the (,), and obtain a unitary representation r® --- ®r,: G- U(W,
@ OW, ).

Lemma 1.2. Let s,r,...,r, be unitary representations of G with r,
irreducible and r,#<r, for i+ j, 1<i, j<n. Suppose F: er
@D --- GBW,"—> W, is G-equivariant, onto, and nonzero on each sum-
mand. Then there are positive constants a,... such that Fis a
unitary equivalence if ¢, ), is replaced by a,(, )

Il’

Proof. Since the kernel of F: W, — — F(W,) is invariant and not W, , we
have that F: W, - F(W,) is a G—eqmvanant isomorphism and by Schurs
lemma there is a constant a;>0 such that o, F: W, — F(W,) is unitary,
whence F: W, — F(W, ) is unitary if (, ), is replaced by a e ),,, a,=a % It
remains to prove that F(W )L F(W ) for i # j-Let P: W, - F(W ) be the
(necessarily G-equivariant) orthogonal projection onto F(W ), and note that
the restriction of P; to F(W ) is zero by Schur’s lemma, since r,# r;. Thus,
FW,)LFW,). |

For umtary representations r and s, let Hom(W,, W,) ( = the set of all
linear maps from W, to W) have the Hermitian i inner product (A, B), =
tr(B*A) =2, (B*A(e;), e;), = Z,(A(e;), B(e,)),, where {e|i=1,...,d,} is
any frame for W, and B*€ Hom(W,, W,) is the adjoint of BE Hom(W,, W,)
(ie., (Bo,w);= (v, B*w)VoEW,, wEW,). For wEW, and vEW,, let v®w
€ Hom(W,, W) be given by (v®@w)(v") = (v’,w),0,Vv'E W,. A simple com-
putation shows (0®w, v'®w’) = (v, v )(w’,w),. There is a representa-
tion r Xs: GXG-UMHom(W, W), given by (r Xs)g, g)(A4A)=
5(gy)e Aor(gy"'); a simple calculation shows r X s to be unitary.

Lemma 1.3. Let r,s,r’, s’ be irreducible unitary representations of
G. Then r Xs and r'X s’ are irreducible with r X s~ r'X s’ only if
r~r'and s~s’'.

Proof. Let F: Hom(W,, W,) - Hom(W,., W..) be any G X G-equivariant
map. If r<r’ or s #s’, we will show F=0, whence r Xs<r'Xs" . If r=r’
and s = s’, then we show that F=al for some a € Z, and so there can be no
orthogonal projections onto invariant subspaces other than 0 or
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Hom(W,,W,) (i.e., r X s is irreducible). Now for wE W, and w'€ W.. (respec-
tively, vEW,,v’EW,.) we have a unique linear map K(w',w): W, - W,
(respectively, L(v,0v"): W, —-W,) such that (K(w',w)v,0"), = (F(v®
w), 0'®w’). = (L(v, v')(w"),w), for all vE W,, v'E W,. (respectively, for all
wE W, w e W,.). Using the G X G-equivariance of F, we have that K(w’,w)
and L(v, v") are G-equivariant. Thus, K(w’,w)=0if s ¢ s’ and L(v,v)=0
if r # r’; and in either case F=0. If r = r’ and s = s’, we have that K(w’,w)
and L(v, v’) are scalar multiples of the identity, whence

LF(o®w), v'®w"), =alv, 0 ) (w,w'),
={(a(v®w),v'®w’),, VYw,wEW and v,vEW,

Since {v®w|vE W,,wE W,} spans Hom(W,, W,), we have F = al. |

2. HARMONIC ANALYSIS ON COMPACT
HOMOGENEOUS SPACES

We define the Laplace operator and related notions on a compact Lie
group. Using the results of Section 1, we then establish a complete,
equivariant version of the Peter-Weyl theorem and its extension to compact
homogeneous spaces.

Let e be the identity of the compact, Lie groups G and identify
the Lie algebra § with T,G = tangent space of G at e. The @b-invariant
inner product k on § determines a bi-invariant Riemannian metric kg
on G; for X, YETG, we set kg(X,Y)= k(Lg‘..X, L,wY)=
k(@b L1 X, @D L1 Y)=k(R,-1.X, R -.Y) where L, (and R,): G-~ G
are left (and right) translation by g. Let Xi,...,X,, be an o.n. basis of T,G
and let X,..., X,, be the L -invariant extensions (X;, = L,.X;). Since g g-
exp(¢X;) is a one-parameter group of isometries generated by X;, we have
that X; is a Killing vector field. Since X; has constant length as well, we
know (Kabayashi and Nomizu, 1963, p. 252) that the integral curves
t—g-exp(tX;) of X, are geodesics. Letting D, denote differentiation with
respect to ¢, the Laplace operator for (G,k;) is given (at +=0) by
— A (fNg)=2.D f(gexptX)] =32, X[ f] (ie., Ag=—2,X?) where we
view X; as a differential operator on C*(G,C), the space of C* complex-
valued functions on G.

There is a Hermitian inner product on C*(G;C) given by (u,v); =
JuUp; where pg is the volume element of (G, k), and note that L*(G;C)
is the completion of C*(G;C) to a Hilbert space. Since the maps L, and R,
are isometries, we have unitary representations L, R: G — U(L*(G;C)) given
by L(g)f= feL,-» and R(g)f= foR,. Since [R(g), L(g)] =0, we have a
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unitary representation L X R: G X G - U(L*G;C)) given by (L X
R)(g,, 8.)=L(g,)oR(g,). We will show that there is a one-to-one corre-
spondence between the L X R irreducible subspaces of L?(G;C) and the
representations r X r of Section 1 as r ranges over a complete set of mutually
inequivalent unitary representations of G. This is part of the Peter—Weyl
theorem.

Let u be an eigenvalue of A; and V,(n) the eigenspace. From the
general theory of the Laplace operator on arbitrary compact Riemannian
manifolds (see Warner, 1971), we know that dim[V;(u)] <co and the set of
eigenvalues is a discrete set of nonnegative real numbers. Moreover,
LZ(G;C):®#VG(‘M), as an orthogonal Hilbert space direct sum. Since R g
and L, are isometries (e.g., sending geodesics to geodesics), we have
[L(g), &5]1=[R(g), A;]1=0, whence V;(u) is a L X R-invariant subspace
of L*(G;C).

To identify the irreducible subspaces of V;(u), we introduce Casimir
operators. Given a unitary representation r: G- U(W,), let r: 8-
Hom(W,, W,) be the representation of § given by r'(A4)(v) = D,r(expA) v)
at +=0. The Casimir operator C: W, - W, is given by C =
—2,;r'(X;)er'(X,), which is independent of the choice of o.n. basis X|,..., X,
of §. Since r is unitary, r'(A) is skew-adjoint relative to (,),, and then we
know that C, is a nonnegative self-adjoint operator because (C(v),w), =
T, (r(XX(0), r'( X,)(W)),. Since

r(8)Cr(g) ' = =Sir(g)er'(X,)or(g) 'or(g)or(X,)or(g)”
= —5,r(@0,X)or(@d,X) =C,

we see that C, is G-equivariant and hence W, decomposes into an orthogonal
direct sum of invariant eigenspaces of C,. Also note that r'(A)or/(4)=
D?r(exp1A) at t =0, whence we could also define C(v) as the Laplacian at
e of the vector-valued function g r(g)(v) on G.

Let G be a complete set of mutually inequivalent irreducible unitary
representations of G. For r€ G, we have from the above that C, =¢,/ for
some constant ¢, = 0; indeed, ¢,>0 if "5 0. For any rEG, we deflne a
linear map ¥,: Hom(W,,W,)~ C*(G,C) by [¥(A)g)=trr(g)oA]=
LA, r(g™ ), for A€ Hom(W,, W) and g€ G. Recall that Hom(W,, W.) and
C*(G,C) are both G X G representation spaces. A simple computation
shows ¥, to be G X G-equivariant. Note that

Ao ¥(4)])(g)=—3,Dtr[r(gexprx,) 4]

=ulr(g)CA] =cur[r(g)A] = c¥,(4)(g)
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and so ¥, (Hom(W,W))) CV;(c,). Let G(u)— {rEG|c =p}. Since the
representations r >< r for rEG(p) are mutually inequivalent irreducible
representations by Lemma 1.3, it follows from Lemma 1.2 that the sub-
spaces ¥.(Hom(W,, W,)) for re G () are mutually orthogonal, whence G(p)
is finite, since dim V(p,)<00 Let ¥, =@, ¢ ¥,

Theorem 2.1. The G X G equivariant map ¥,: @,¢ &,y Hom(W,, W)
- V(p) is an isomorphism and replacing (,), by (,)=
V(G)d; ' (,),d, =dim(W,),V(G) = [spg), ¥, becomes a unitary
equivalence.

Proof. To prove ¥, is an isomorphism, we need only prove ¥, is onto
because of Lemma 1.2. Let V be an arbitrary irreducible subspace of V;(u)
relative to the representation R: G — U(V;(p)) defined earlier [R(g)f =
foR,]. Since Vg( p) is the direct sum of such subspaces, it suffices to prove
image (¥,)DV. There is some r€G such that R: G- U(V) is unitarily
equ1valent to r via some E: V' — W,. Let u be the unique function in ¥ such

that (v, u); = v(e) for all vEV; indeed, u=Zu,(e)u; for any o.n. basis
{u;} of V. For any f€V, we have

V,(E(/)®E(u))(g)=t{r(g)o[E(f)®E(u)]}
=t {[r(g)(E(fN]®E(u)}
=(r(g)(E(S)), E(u)),
=(E(foR,), E(u)),=(foR,. u),
=(fR,)(e)=f(g)

This proves f € image ¥, and ¢, =p, whence ¥ C image ¥,. In view of
Lemma 1.2, we need only replace ,{,), by a,(,), to make ¥, a unitary
equivalence. To find a,, let e|,...,e, be an o.n. basis of W,. Then for any
wE W,, we have

|Wl2 —Elal(el’ l>r<w W)r
=S4, |e,®w|?=3,1¥,(e,®w)ll%

= [ 20(r(8)erm) Lale) = [ 1wI2ho(8) = [wIFV(G)

whence

a,=V(G)d;" ]
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Since ¥, is an isomorphism, we should be able to recover A€
Hom(W,, W) from ¥,(A)E V(c,).

Proposition 2.2. For any A€ Hom(W,, W), we have

A= d,V(G)_'fG‘P,(A)(g)r(g")uG(g)
Proof.
Y (A)(g)=tlr(g)A] =4, r(g)*),
=dV(G) ' (¥(4),%,(r(g))¢

=d,V(G)™' /G ¥,(A4)(8) u[r(g)r(g") pelg)
:d,V(G)_'fG‘I',(A)(g)tr[r(g’)r(g")]ua(g)
- tr[r<g')d,V(G)" [ %(A)(g)r(g—')yG(g)]

~¥[are)" [HA (s (o))

Let H be a closed (necessarily Lie) subgroup of G. Then G/H ={gH |g
€ G} has a unique C* structure such that Q: G- G/H is a C* principal
bundle with group H acting on G to the right by isometries of (G, k).
Let kg, be the metric tensor on G/H induced by k; via Q
[i.e, kg u(QeX, Q4Y)=k(X,Y)], and let Ag,y be the Laplace operator
for kg, - One can prove that the horizontal lifts to G of geodesics on G/H
are geodesics on G and the fibers (cosets of H) are totally geodesic.
Consequently, (AG/,,u)oQZAG(qu) for any u€ C*(G/H;C). The map
Q: G- G/H is G-equivariant relative to left multiplication by G on G and
G/H. We note that 9*: C*(G/H;C)—- C*®(G;C) is a G-equivariant iso-
morphism onto the space C*(G, H;C)={f€C*(G,C)|foL,=f for all
he€ H}, where OQ*(f)= foQ. Since Q*oAg, y=As0Q%, for each eigen-
value p of Ag,y with eigenspace Ve u(p), we have O* (Vg n(w) =Vg(p)N
C™(G,H;C). If pg,y is the volume element of kg, then we have the
inner product on C*(G /H;C) given by (u,v)g = Je Ut . Note that
(4,0)6,n = V(H)™(Q%u, 0*0)q.

For r€G, we define H, = (wEW,|r(h)(w)=w,VhE H)}. Let
Hom(W,, H,) be the G X{e}-invariant subspace of all A€ Hom(W,, W,)
such that A(W,)C H,, or equivalently, r(h)eA=A for all h€ H. For
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A€ Hom(W,, H,), we have
V,(4)(gh)=tr[r(gh)A] = ulr(g)r(h)A] =¥.(A)(g)

whence ¥, (A)E V (c,)NC®(G, H;C). Conversely, if ¥,(4)e C*(G, H;C),
then using Proposition 2.2, we obtain

r(m)ed=dY(G)™" [ %(A)(g)r(hg™ ne(g)
:d,V(G)"fcw,(A)(g'h)r(g'—')pG(g/) =4 foralh€H

whence 4€ Hom(W,, H,). Since the spaces ¥.(Hom(W,, W,)) are G X {e}-
invariant (indeed, G X G-invariant), we have

0* (Vg /(1)) =Ve(p)NC=(G, H;C)
=8 ¢ G| ¥, (Hom(W,, W,))NC=(G, H;C)]
® e G ¥, (Hom(W,. H,))

Theorem 2.3. Giving Hom(W,, H,) the inner product ()=
WG/H)d' (,), we have a umtary equivalence of G-representa-
tions (G acts as G X {e} on Hom(W,, H,)}]

Q*_‘ O‘I/u: @,EG‘(“)HOFH([’V;. Hr) - VG/H(’L)

Proof. We have seen that Q*: V; 5 (p) > Va(p)NC™(G, H;C)and ¥,:
@, ¢ é(mHom(W,, W,) - V;(p)NC®(G, H,C) are both G-equivariant iso-
morphisms, and we know from before that ¥, preserves the orthogonality of
the summands. Hence we only need unitarity on each summand. We have

(@~ * o X WA = V(H) ¥ A) 6= V(H) ' V(G)d | A4)2
=V(G/H)d; ' ,|A|2=,|4|" |

Remark. We can form the Hilbert space direct sum of the spaces
Hom(W,, H,) using the inner products (,)”. Then Theorem 2.3 im-
mcdiately yields a unitary equivalence ¥: ®,c ¢Hom(W,, H,) > LG /H;C)
of representations of G; indeed, representations of G X G when H = {e}.
This is the Peter—Weyl theorem, but some readers may not recognize it as
such. Let e,...,e, be an on. basis of W, such that e,....e, span H,
(h, <d). Define r; € C*G;C) by r(g)e;) =2y, (g)e Now
dV(G/H)™ e®ej for 1<1<h and 1< /<d, forrn an o.n. basis of
Hom(W,, H) and ¥ (e®e )(g)— tulr(g)e;®e;]={r(gle,e;), =r(g)E
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C*(G, H;C). Thus, {d,/(G/H)™'Q* 'r,|rEG,1<i<h, 1< j<d,} is an
o.n. basis of L}(G/H). Since any f€ C°°(G/H) can be uniformly ap-
proximated by finite linear combinations of eigenfunctions of As; , (see
Warner, 1971), f can be uniformly approximated by finite linear combina-
tions of the ;.

3. HARMONIC ANALYSIS ON PRINCIPAL BUNDLES

Building upon the notation of the introduction, for A€ §, let A* be the
vector field on P given by 47 = D,(pexptAd) at 1 =0. Let F,: G - pG ={ pg|
gE G} be defined by F,(g) = pg. For 4, BE § with left- mvarlant extensions
A, B, note that h(F A, F,. B) = h(D,F,(gexpt4), D,F(gexptB)) =
h(Apg, By.) = k(w(A4} ) w( ))—k(A B)— kg(A,, B,), so that F, is an
isometry and A*= I’;, (A) Moreover for an o.n. ba31s Xi,. Xm of 6,
A =—(X+---+X**): C(P,C)-> C>(P,C) is an operator such that
(&"u)( p) is the Laplacian of u| pG at p regarded as a function on pG with
the metric 4| pG. The vector field A* generates the one-parameter group
p— pexptA of isometries of (P, k), whence A* is a Killing vector field. Since
A* has constant length, we know (Kabayashi and Nomizu, 1963) that the
integral curves 1 pexp tX; of A* are geodesics in (P, &) as well as pG [i.e.,
pG is a totally geodesic submanifold of (P, 4)].

Recall that A is the Laplacian of (P, #). Regarding 4* as a differential
operator, we have [A, A*]=0 since 4* is Killing; so [4Y,A]=0. Let
0=Ay<A,<A,<A;--- be the eigenvalues of A with corresponding eigen-
spaces V(A;) i=0,1,2,.... Since [A, A"]=0, we have A"(V(A,)) CV(A)).
Moreover, since A* is Killing and hence divergence free, it is a skew-adjoint
linear operator on C*(P,C) with the inner product (u, v)= fpudu, [ie.,
(A*(u), v)=—(u, A*[o])]. Thus, & =—(X¥*+ --- + X*?) is symmetric
and nonnegative, and V(A;) decomposes into a direct sum of orthogonal
subspaces

V(A)=®,=oV(A,) OV (1)

where V"(p)={u€C*(P,C)|A"u=pu}, and all but finitely many sum-
mands are 0. Note that since € V*() implies 4| pG is an eigenfunction on
(pG, h| pG)=(G, k) with eigenvalue p, we have that V'*(p)=0, unless
is an eigenvalue of A;; we may assume the above sum is over such p.

For any representation r: G— GL(V,) we set C(P,V,)={f P-V,|
f(pg)=r(g~ N /f(p)IVEEG, fis C*}. Note that C(P,V,) can be identified
with the space of sections of the associated vector bundle P XV, - M. If r
is unitary, then we have an inner product on C(P,V,) given by (f}, f,),
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V(G)™ Yo f1s fo),404- Let Hom(p) (with inner product ¢, ).) be the orthogo-
nal sum &,¢ g, Hom(W,,W,) and let r,: G XG — U(Hom(p)) be the direct
sum of the representatlons rXr, reG( p.) where Hom(W,, W, ) has the inner
product (, ), making ¥,: Hom(p) - V;(p) a unitary equlvalence. Relative
to the unitary representation G — {e} X G —» U(Hom(W,, W,)), we have the
space C(P,Hom(W,,W,)z) consisting of all f: P — Hom(W,, W,) such that
f(pg)=r(g Yo f(p). We have a unitary representation R,: G —
U(C(P,Hom(W,, W,)z)) given by [R(g)f)(p)= f(p)or(g™"). These piece
together to glve a unitary representation R,: G - U(C(P, Hom(u)g)). We
also have a unitary representation R: G — U(Lz(P C)) given by R(g)f=
foR,=R%{. Since [&, R¥] =0,V *(y) is an invariant subspace.

Lemma 3.1. The linear map & : C(P,Hom(p)z) = V() given by
J(f)(p) Y.(f(p)Xe) is a umtary equivalence of R, with R:
- U (M))

Proof. We prove §(f)€ V¥(p) by showing that & ( f) restricted to
an arbitrary fiber pG is an eigenfunction of A; when it is pulled back by
F,: G- pG. Indeed, [3(f)oF)(g)= (f)(pg) Y, (f(pg)e) =
4 (r(e, 7N f(pe)=Y, (f(P))(g N=1Y, (f(p))oInvi(g) where Inv:
G G is the isometry gr-g~"' of (G, k). Smce Y.(f(p)EVs(r), we then
have §,(f)o F,€Vg(p), and so ,(f)EVY(p). Moreover

S5 Ppe= [150)oE %o = [ [(/(p)) o Tnv] g
pG G G

= [ k= 1/PZ=G) " [ 1112856
G pG
whence

J18 =V (&) 1 £ 1280 = (. /)
P P

Thus, F, , is an isometry onto its image. It is straightforward to check that the
mverse of 1s given by J ") p)= v Yuo F,olnv). The equivariance of
% follows from a simple calculatron usmg the G X G equivariance of ¥,. W
Using Proposition 2.2 and writing % '5“_ (u)=8,eém where Uue
V¥(p) and f € C(P, Hom(W,, W,)), we have f(p)=dV(G)™'
Jou( pg~ (g™ me(8) = dV(G) " fzu( pg)r(g)Mo(g), since Inv is an isom-
etry of (G, k). Also, observe that ¥ = EB,‘GJ;: ®,c¢C(P,Hom(W,, W, )z) —
L*(P,C) is a unitary equivalence. Nearly all particle fields of interest can be
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faithfully encoded into the space C*®(P,C). Indeed, choosing any basis
ey,....e; of W, we have a decomposition of Hom(W,,W,) into {e} X G-
invariant subspaces W{(i)={w®e;,|wEW,}. Thus, C(P,Hom(W,,W,)z) =
®,C(P,W(i))=d,C(P,W.); and so any particle field in C(P,V,), where ¥,
contains at most d, copies of W,, can be represented by a function in
C®(P,C) via &F. Of course, taking G=G,XSpin(n), where G, is the
internal symmetry group, we can represent spinor fields within C*(P,C)
too! We can obtain a basis-free decomposition of @, SC(P,Hom(W,, W,)z)
into finite-dimensional invariant subspaces by puiling back via & the decom-
position L?(P,C)=®,/(A,) and taking intersections. Setting C(r, ;)=
S (V(X))NC(P, Hom(W,, W,)), we will find &,c3C(P,Hom(W,,W,)g)
=®, ,C(r,\;) and L}(P,C)=6, F(C(r,A;)). It is not difficult to show
that every irreducible subrepresentation of R,: G - U(C(r, A,)) is equivalent
to . We will show that C(r, A;) is closely related to the space of all particle
fields, coming from the representation r, which have mass? A\, — ¢, = 0.

Every X€T, P has a unique decomposition into horlzontal and vertical
vectors X= X+ XV, X"e H,={XET,P|w(X)=0} and X'EV,=(XE
T P|7r*(X) =0}. For any q—form @ on P we define ¢ by ¢”(X,,...,X,) =
<p(Xl v XJ'). When g =1, we have ¢ =9¢" + ¢" where ¢"(X)= (X ).
For a umtary representation s: G — U(V,), we have the space AY(P,V,) of all
V.-valued ¢-forms on P. There is a natural inner product on AY(P,V,) given
by }(@.9), =V(G)™fp4{ P, 9" )stts» Where ,{p, ") (p) is the inner product
of the V.-valued forms on the vector space 7, P with metric /; see Bleecker
(1981) for further details on this and what follows We write, ll@ll2=,(p, 9),
(omitting & and s, if clear) and , |@|?=,(p, p),. For p &€ A'( V.), we have
1012 =4l @|2 =, 19”2 +4¢" |2 I 9€ AP, ¥,), we define Dp € AT* (P, V)
by Do =(dg)". _

There is also the space AY(P,V,)={9€E AYP,V)|p= ¢ and R3o
s(g”")p}. One can check that A% P,V,) is isomorphic to the space of all
g-forms on M with values in the associated bundle P XV, —> M. Also
D(AYP,V,)) CA7*(P,V,) and D corresponds to covariant differentiation
of such forms. For clarity, we often write D as D,.

There is an operator 8: A?"!(P, V)—»K"(P,VJ.) dual to D, in the
sense (D@, ), =,(9,8.4), for all p€ AYP,V,) and Y€ A?*(P,V,). We
have an equivalent definition of &, as follows. Let *: A%(P, V) A"9P,V,)
(n=dim M) be defined by taking *(p) to be the unique element of
A"79(P, V) such that (*¢)|H,=*,(p|H,) where *, 1s the Hodge star for
forms on H, with the metric and volume element induced by 4 and 7*(p /).
The self-adjoint operator A, =8 D,+ DS, AYP,V,)— AYP,V,) is the
(Hodge) Laplacian. In the case ¢4 =0, we have AO(P V,)y=C(P,V,) and
A,=8,D,, since §, =0 on AP,V ). In Euclidean field theory, C(P,V,) is
the space of particle fields associated with s, and the eigenvalues of A :
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C(P,V,)— C(P,V,) constitute the mass® spectrum Spec(A,) for such par-
ticle fields.

For any u€ C*(P,C), we define A”ue C*(P,C) by taking (A"u)(p)
to be minus the sum of the second derivatives of f along a set of geodesics
passing through p such that the tangent vectors at p form an o.n. basis of
H,. Since H, LV, and pG is totally geodesic, it follows that the Laplace
operator A of (P h) is A” + A, where A" was introduced earlier. The
operators AY, AV, and A extend to vector-valued functions on P. They each
leave C(P,V,) invariant and commute with "EM In particular, we have
G VN =®,C(r,\,), and C(P,Hom(W,, W,)z)=®,C(r,\,).

Lemma 3.2. For any unitary representation s: G — U(V,), the op-
erators A, and A” on C(P,V,) are equal.

Proof. Recall (Warner, 1971) that A =448 where 6 is the codifferential
adjoint to d. For arbitrary ¢,y € C(P,V,), it suffices to prove (A, ¢), =
(A", @), but (A”ll/ 9), = (Ay — &Y, ), = (8d¥, @), — (&Y, ), =,
(dy, do), — (d¥¥, de"), = (dy", do"), = (D, D), = (§, D}, ), =
(A, 9),. =

Recall that C(r,A,)=%F'(V(X,))NC(P,Hom(W,, W.),), and Spec(A,)
={uER|A,f=puffor some fE C(P,W,), f#0}. We define C(P,W,; m) to
be the eigenspace of A, with eigenvalue m.

Theorem 3.3. For an irreducible unitary representation r: G —
U(W,), with Casimir operator c,I, we have Spec(A,)={A;,—¢,|
C(r,A;)#0}. Indeed, the (basis-dependent) G-equivariant isomor-
phism C(P,Hom(W,,W,)z)— d,C(P,W,) carries C(r,A,) onto
d,C(P,W,; A, — c,), the direct sum of 4, copies of C(P,W,; A, —c,).

Proof. One can check that A, A”, and A” commute with the maps &
C(P,Hom(W,,W,)z) = V¥(c,), and C(P,Hom(W,,W,)z) — d,C(P,W,). For
u€VY(c,)NV(A,), we have Au= A u, Nu=c,u, and A”u= (A, — c,)u. Thus,
the same holds for the correspondmg f=2 f ®e €C(r, A;) and its “com-
ponents fj 1< j<d, In particular, A f AHf =(A;—c)f lie, f€
C(P,W,;X,—c,)]. Conversely, if f,€C(P,W,;A;—c,), then f 2z f®e
satisfies A”f = (A, —¢c,)f. We already know A”f =cf for fe
C(P,Hom(W,, W.)z), smce‘ff(f)e V¥(c,),andsoAf =X, fand f€ C(r, \}),
as required. I

Corollary3.4. For fEC(P,W,; X, —c,),wehave Af =\, f,Nf=c,f,
and A,f=A"f=(X,—c,)f. Moreover, lldfI>=XIfII%, lldfVI?
=c, | fNI*, and 1D, f112=I(df ) II> = (X, — )l £ 1| In particular,
A,—c, =0
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Proof. The first statement follows from the proof of Theorem 3.3. Note
that , I D,/ 12 =,(D,f, D,f ), =(8,D,f, ), = (&,1, f),=(\;— ¢l f I, and
the others follow similarly. n

Recall that the field strength (or curvature) of the gauge potential (or
connection) w is €= Dw € A*( P, 3) where the representation is €d: G~
GL(9).

Lemma 3.5. For any representation r: G — GL(V') and f€ C(P, V'),
we have Df=df +(r'ow)fEA(P,V) [ie, Df(X)=df(X)+
r'(w(X)N(f(p)) for pE P, XET,P; and r": g~ Hom(V,V) is the
corresponding Lie algebra representation]. Moreover, D(Df)=
(r'oQ)fE AY(P.V).

Proof. We have Df =df —df", but df "(A})=df(A%)=D,f( pexpiA)
= D,r(exp(— tANS(p)) = —r'(ANS(p)= ~ r'(«(A*N(f(p)), and it fol-
lows that Df = df +(r'ow)f. Also, d(Df)=d*f +(r'odw)f +(r' o)A df.
Since d2f =0, w" =0, and (dw)’" = Q, we obtain D(Df )= (r'Q)f. [ |

4. CONSTRAINTS IMPOSED BY PARTICLES OF ZERO MASS

Let p€ P and let P, be the set of all points of P that can be joined to p
by a smooth curve whose tangent vectors are all horizontal relative to w. In
Kabayashi and Nomizu (1963) it is proved that P, is a C* immersed
submanifold of P, and »: P, — M is a principal bundle with group G, ={g
€ G| pg € F,}, called the holonomy group at p; 7: Py — M is the holonomy
bundle through p. The field strength @ of w at any p,€ P, has values in the
Lie algebra §, of G,. Hence, the smaller G, is, the more “degenerate” {2 is.
Indeed, if G, is finite, then £ =0. If G, = {e}, then 7: P - M is trivial as
well, since P, is then the image of a global section of n: P - M. Let G be
the closure of G,; Gy is a Lie subgroup of G. Let Spec(G/Gy) be the
spectrum of the Laplace operator on G/Gj, as in Section 2.

Theorem 4.1. For each p € Spec(G /Gj), there is at least one r& G(u)
such that 0 & Spec(A,).

Proof. Setting H = G}, in Theorem 2.3, we see that there is r€ G(u) with
Hom(W,,(G{),) # 0. Let v €(G}),, v+ 0, and define f&€ C(P, W,) by f( pyg)
=r(g~'Xv) for any py€ P, and gEG. If pyg = pyg’, then py=p,gg’~'
whence gg'~'€ G, C Gy and (g~ Yv)=r(g~ r(gg' ' No)) =r(g’~ ' Xv),
and so f is well defined. Since 7,P,DH, and f is constant on F,, we have
D.f=(df)"=0,andso A, f=8D,f=0. |
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Theorem 4.2. 1f 0 € Spec(A,) for some r& G, then ¢,€ Spec(G/Gp).
With more precision, dim[C( P, W,;0)] = dim[(G,),], where (G;), =
{(wEW,|r(g)w)=w for all g€ Gy}.

Proof. Let f€ C(P,W,;0), and note that (D,f, D,f),=(4,f, f),=0,
whence D,f=0. Thus, f is constant on all horizontal curves, and so f is
constant on P,. For any g€ G, we have f( p)= f( pg) =r(g~")f(p), and by
continuity this also holds for g€ G§; so f( p) € (Gy),. The map C(P,W,;0) -
W, given by fw f( p) is injective, and by the proof of 4.1, its image is (Gy),,
whence dim[{C(P,W,;0)] = dim[(G),]. Then we see that 0 € Spec(4A,) im-
plies (G}), # 0, and Theorem 2.3 yields c,e Spec(G/Gy). |

Remark. If G is connected, then r’ determines r. We have seen that
¢,> 0 when r’# 0. Hence, assuming G is connected, ¢, > 0 if r is nontrivial.
Thus 0& Spec(A,) for some nontrivial reéG 1mp11es 0 <c¢,€Spec(G/Gy),
whence dim(G/Gg)=1, and Spec(G/Gg) is infinite. Then Theorem 4.1
gives us an infinite collectlon of s€ G for which 0 € Spec(A,).

5. LOWER BOUNDS ON MASS SPECTRA

For an arbitrary r€ G, we find a lower bound on Spec(A,) in terms of
the field strength (or curvature) Q€ A%(P,8), h,,, and r. The lower bound
involves three constants, which we now define.

For each p € P, we have a linear map £,(p): W, — AZ(P W), (= the
space of W,-valued 2-forms ¢ on T,P such that p"=¢) given by
[Q(PYOUX,Y)=r'(R(X,Y))v) where r': § > Hom(W,,W,) comes from
r: G- U(W,). We define b(p)=max{b=> 0|,,|Sl,(p)(o)|,> b|v|, for all
vEW,}, and b,=min{b(p)| pE P}. We say that & is r-nondegenerate if
b, > 0; our lower bound on Spec(A,) is positive only when b, > 0.

At each p € P, we have another linear map (6Q),(p): W, - AP, W)
defined by [(82),( p)(v))(X) = r'(8Q(X))(v) where & is the covariant codif-
ferential dual to D: AP, 8)— A¥P,8). Define Y(p)= min{b>=>
0[,|(892),(p)(v)|,<b]|v|, for all vE W,}, and Y, = max{Y,( p)| p€ P}. Note
that Y, =0 iff the Yang-Mills equation §§2 =0 holds.

_ The third constant is obtained by considering the map Q!(p):

A(P,W,)— A\(P,W,) defined by [Q}( p)(o)(X)=Z;r"(R(X, e,))(v;) where
e,...,e, is an o.n. basis of H, and ¢ =Zv,®ef‘, v,EW, [i.e., o(X)=
2,0,h( X, e,)]. A simple computation shows that £)( p) is independent of the
choice of o.n. basis. We define B( p)=min{b=0|,|2;(p)(0)|,<b,|0]|, for
all o€ A'(P,W,),}, and set B, = max{B(p)| p€ P}.

Lemma 5.1. 1f f€ C(P,W,), then (r' o Q)f€ A*(P,W,), and
8,[(ro2)f],=(82).(p)(f(p))+2(p)(D.f,)
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Proof. Let e,,...,e, be an o.n. basis of H,. We may extend
7«(€,),...,mx(e,) to an o.n. frame field [defined on a neighborhood of
wn(p)] say Ej,...,E, such that [E/, E/]=0 at w(p). Let E,,...,E, be the

>y

horizontal lifts of Ej,...,E,. Note that 7.(E, E,]))=[E/, E/], whence

i~y
[E;, E}] f,’ = 0. A computation reveals that at p, we have

8r[("°9)f](Ej) = _EiEi["'(Q(Ei’ Ej))(f)]

= —r(SE[Q(E, E)N /) -2r(( E. E)NEL£])

=r'(88(E))(/)+3r(Q(E, E))ELf])

=[(62), (D) S NUE)+[2(p)(D5)](E)  m
Theorem 5.2. Relative to re G, let m, be the smallest (necessarily
nonnegative) number in Spec(A,) (i.e., the smallest mass? of par-
ticles coming from r). Then b,ZSB,m,-FY,‘/m_', or equivalently,
J7. =3B (Y?+4bB,)'/*—Y,]. In the event the Yang-Mills
equation holds (i.e., 82 = 0), we obtain m, > b?/B..

Proof. Let fEeC(P,W,) with A, f=m, fand || fIl,=1. Then

B} =0 fI1I2< [pa|R(2)(S(2)) | 2e(p) = ((r'oQ)(f), (= 2)(f))
=(D,D,f,(r'Q)())=(D,1,8[(r'-Q)(/)])

= [(D4, 9D )P+ [ (D4, (50),(P)(A(P)H(p)

(by Lemma 5.1)
<[IDL112KP)DL)IH(R)+ [ 1011 1(59),(2) (A (p)
<BIDfI2+ YD NI fIl=Bm,+Yym,

where we have used the definitions of b,, B,, and Y,, the Cauchy-Schwarz
inequality, Lemma 3.5, and Corollary 3.4. |
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6. ADDITIONAL COMMENTS AND QUESTIONS

(A) The case where G=U(1)={e”|f€R} (e.g., electromagnetism)
deserves special consideration. For each integer k, let k: U(1)— U(C)
[ =U(1)] be the representation k(e”)=e**I. The map ¥, Hom(C,C) -
C®(U(1),C) is given by ‘I'k(zI)(e'o) = tr(k(e®)ozl)=ze'*®. Since the
elgenspaces of Ayyy= — D} are all of the form \I' #(Hom(C,C))®

¥ _x(Hom(C,C)), it follows from the Peter-Weyl theorem that {k|k € Z} is
a complete set of mutually inequivalent unitary representations of U(1).

The closed subgroups of U(1) are all finite and cyclic; the one of order
kis Z, ={exp(i2mm /k)|m=1,2,...,k}. If the holonomy group of w at
pE P is Z, then 0€ Spec(A;) for all k which are multiples of N, since k?
will then be an eigenvalue of the Laplace operator on U(1)/Z, and
Theorem 4.1 applies. Conversely, if 0 € Spec(A}) for some &k # 0, then by
Theorem 4.2, k*& Spec[U(1)/G4] and so the holonomy group is Z, for
some N dividing k.

Using the notation of Section 5, let B= Bj, b= b4, and Y =Yj. Since
the Lie algebra homomorphism &’ is just k1’, we have By=|k|B, by = |k|b
and Y;=|k|Y. Consequently, Theorem 5.2 yields |k|*b<|k|Bm;+
|k|Yymg or |k|b<Bm;+Y/mg. This not only implies that m;>0 for
k # 0, but also m;— o0 as |k| — oo provided > 0. Consequently, if >0,
then min{my| | k| 0} exists and is positive. Interestingly, we have proved
in Bleecker (1982) that the property b > 0 is generic if dim M = 4. Hence, it
is not surprising that all electrically charged particles seem to have mass no
less than some fixed positive number.

(B) An intriguing question is whether the characteristic numbers of the
principal bundle P — M can be determined from Spec(A) or Spec(A,) for
various 7€ G. The terms of the asymptotic expansion of trace(e” ’A) (see
Gilkey, 1975) will yield some information such as the total scalar curvature
of (P, h), but characteristic numbers may be difficult to determine. Suppose
P is trivial, say P =M X G, and h is the product metric tensor h,, X k.
Then Spec(A) = {A;(M)+c,|A,(M)E Spec(A,,) and re G} and it follows
that Spec(A,) = Spec(A M) mdependent of r€G. In the general case, if r, is
the trivial unitary representation, then Spec(A, )=Spec(4,,). Thus, if it
happens that Spec(A,) is independent of r, then necessarily Spec(A,)=
Spec(A,,) for all r€G. In particular, 0 € Spec(A,) and Theorem 4.2 implies
¢, € Spec(G/Gy) for all re G, whence Spec(G /Gg)=Spec(G). If we assume
that the multiplicity of 0 in Spec(A,) is d, for all r€G, we can conclude
(using Theorems 4.2 and 2.3) that Q*: LZ(G /G~ LZ(G) is an isomor-
phism, whence Gy = {e} =G, and P would then be a product bundle with
product metric. Without any assumptions on multiplicities, it might still be
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possible to prove that the independence of Spec(A,) on r implies P and A
are products, but we leave this prospect to the interested reader.

(C) The discussion in (B) shows that when P = M X G with a product
metric, all particles share a common mass? spectrum regardless of the
representation. In the general case, Spec(A,) will depend on r. We expect
nature to favor those particles with representations r for which m, =
min Spec(A,) is small; it takes less energy to make particles with less mass.
Thus, in view of Theorem 3.3, we see that particles coming from a
representation r should be comparatively prevalent if there is an eigenspace
"V(A;) of A on C*(P,C) which decomposes in such a way that r is a
subrepresentation and A, — ¢, is comparatively small. Since the eigenvalues
of A can vary widely depending on 4 ,, and w, we see that the populations of
elementary particles may be dictated in an incalculable (yet theoretically
precise) manner by the geometry of (P, k). In order to appreciate the
difficulty in computing eigenvalues or eigenspaces even in fairly simple
circumstances, the reader is invited to compute Spec(A,) for arbitrary r& G
in the case where w is a self-dual Yang—Mills field for a principal G-bundle
of given index over S*.
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